The authors remember with much gratitude their academic teacher.
The D' Alembert equation on R'
Let us consider a simple example of a linear hyperbolic equation -the wave equation or D' Alembert equation
DU(-)u=O
for a scalar field u on the fiat n-dimensional spacetime R' -as a first step towards a mathematical formulation of Huygens' principle. Note that 0 u = 0 is, for instance, a realistic linear model for sound if n 4. The spacetime R n is equipped with the Minkowski metric g dt 2 -dx where t = x 0 is the time, and xk = XI, . , Xn-I are Cartesian coordinates in space. The same information as in g is contained in the so-called world function
The invariant distance r = r(x, y) between two points x, y E R" is given by for n 2,3,4 named after D' Alembert, Volterra and Poisson, respectively [21] . For n = 2 and n = 3 the value u(x) of the solution u depends on the data on the whole of the ball B(x), while for ii = 4 it depends only on the data on 5(x). If we reverse the direction of time and consider u(x) as a disturbance concentrated at the point x, then we arrive at the situation of the introduction. In this definition, by analogy, Huygens principle is satisfied here for n = 4 and is violated for n = 2 and n = 3. The analysis can be extended to arbitrary dimensions and shows that the wave equation 0 u = 0 on Minkowski spacetime R is Huygens' for even n > 4 and is non-Huygens' for odd n 3 and also for n = 2.
Some visualization may help to understand the step from spatial to spacetime geometry. Imagine a wave process and a series of photographs of it. If the snapshots are piled up in their temporal order and if they are, in thought, interpolated to a continuum, then we obtain the picture of the wave process in Minkowski spacetime. For instance, the future light cone C+(x) is the picture of a point-like disturbance at x, which just appeared at the start of our physical discussion in the introduction.
Huygens' principle for second-order equations
Let us introduce, taking advantage of differential-geometric concepts, a far-reaching generalization of the precceding example.
• The Minkowskj spacetime R" is replaced by an n-dimensional Riemannian manifold (M, g) of Lorentzian signature (+ --).
• The independent variables are now local coordinates x a = x', x2,... Xn of a point x e M.
• The dependent variable or unknown function generalized to a section u = u(x) of a given vector bundle E over M.
• The wave equation on R n is replaced by a linear partial differential equation of the form where u and I are sections of E, (9(2l) = (gab) belongs to the metric g = 90 ,, dxadxb D is a covariant derivation, and W is a section of the endomorphism bundle End E to E.
• The world function of (M, g) can be introduced as the solution a = a(x, y) of the differential equation 9(V0c)(V6a) = 2a
together with the initial conditions
where the Va are the Levi-Civita derivatives with respect to the first argument x.
The light cone is replaced by the characteristic conoid. More precisely, the solid conoid D(x) is defined by a(x, y) ^! 0 and the conoid surface C(x) is defined by a(x,.y) = 0.
• The time coordinate is replaced by a time function, that is a function t = t(x) such that
The zero time hyperplane is replaced by the spacelike hypersurface
We set then • Finally, the equation L[u] = I is completed by initial conditions
Some comments are in order.
1. We apply the usual notations of tensor calculus, in particular the Einstein summation convention with respect to repeated indices in products.
2. All objects are assumed to be smooth, i.e. of differentiability class C°° 3. The world function a = a(x, y) exists, in general, only locally, that means for x and y sufficiently near to each other. Therefore, D(x) and S(z) are restricted to some neighbourhood of the point x E M, and all constructions based on these elements are local ones.
4. The Levi-Civita covariant derivatives V are given in terms of the Christoffel symbols r 6 to the metric g. In particular, we have for a function or scalar field s = .s(x) V0 s = aas and VaVbS = aobs -rabacs where ' 9a ='9 are the partial derivatives with respect to the local coordinates xa. There are several theories which give existence, uniqueness, and a construction of a solution of the above Cauchy problem. Each of them leads to its own criterion for Huygens principle. Let us mention the following:
Covariant derivatives
• J. Hadamard [40, 411 constructed a solution by means of "finite parts of divergent integrals". He found that Huygens' principle holds for the differential operator L if and only if n is even, n > 4, and the formal adjoint L* to L admits a logarithm-free elementary solution.
• M. Riesz [68] introduced a semigroup of integral operators with kernels V(z, y, A), A being the semigroup parameter. He solved the Cauchy problem by means of analytical continuation to A = 2. Huygens' principle holds, for even n > 4, if and only if V(x,y,2) =0.
• S. L. Sobolew [79, 801 and L. Asgeirsson [6, 7] • F. G. Friedlander [23] and P. Gunther [35] reformulated the Cauchy problem in terms of distributions and constructed distributional solutions. Huygens' principle holds, for even n > 4, if and only if the fundamental solution of L has its support on the characteristic conoid surface (and not in the interior of the solid conoid). This is equivalent to the condition that the "tail term" to L vanishes.
It is not suprising that all the necessary and sufficient criteria for Huygens' principle from different authors turn out to be equivalent. They can all be reduced to one more explicit condition, which is accessible to evaluations and calculations. We have, in order to present this condition, to introduce the so-called Hadamard An explicit or implicit proof of this criterion can be found in each of the papers [6, 23, 35, 40, 68, 79] . Notice that L and its formal' adjoint L can easily interchange their roles since L t = L. The two-point condition (1) implies a sequence of one-point conditions, namely conditions for the Taylor coefficients of Hm with respect to the running point x and the origin y. We need, in order to present these, elements of a calculus of symmetric differential forms.
A symmetric p-form
is a special notation for a totally symmetric covariant tensor field of valence p. For instance, the Riemannian metric g = gabdx a dx t) is a symmetric 2-form. The multiplication of symmetric forms is the tensor multiplication followed by symmetrization. A metric g defines a trace operator tr by
Every p-form u, admits a unique decomposition into a part proportional to g and a trace-free part TS up:
where" . " indicates symmetric multiplication. All these facts are naturally generalized to (End E)-valued symmetric forms. The proof of Theorem 2 evaluates (1) and is based on
Let us explain the left-hand side of (2): Covariant derivatives Da 1 , Da 2 , ..., Da, with respect to x are applied to the m-th Hadamard cofficient Hm(X, y), the result is restricted to the diagonal x = y, finally the symmetric and trace-free part of the resulting p-tensor is taken. where the components of the Riemannian curvature R0bcd and the components of the gauge field curvature F ab are defined through the Ricci identities
for a 1-form v = v0 dx°, v 0 := g ab v6 and for a section u of E, respectively.
For low values of n and p the conditions (2) have been made explicit. 
Here and throughout the paper we use the following notations:
.acdb are the components of the Ricci tensor,
is the scalar curvature, Wabcd are the components of the conformal curvature tensor (the definition of which we omit here) and
are the components of the Bach tensor.
A proof of Theorem 3 was given for the scalar case in [27] and for the vector-bundle case in [74] A proof of Theorem 4 was given for the scalar case in [29) and for the general case in [73] . The result also appeared earlier in the context of spectral geometry [25, 26] .
Note that the formula in Theorem 4 also admits an interpretation, namely as a nonlinear Higgs equation for C = C(x) with some source terms. One can show that multiple covariant derivatives D of sections u of E behave like LeviCivita derivatives of scalar fields under a conformal transformation [74] . In particular,
= D0u
Two Naturally, the question arises whether there are non-trivial Huygens' equations? M.
Mathisson (58] in 1939 gave a negative answer for a scalar-type operator L on the four-dimensional Minkowski spacetirne
If such a hyperbolic operator is Huygens', then it is trivial. The proof of this fact in [58] is an evaluation of the conditions
Later, K. L. Stelimacher [81] in 1953 found a positive answer to the above question: he constructed a non-trivial Huygens' equation in n = 6 dimensions. His example is scalar-type and the underlying manifold is flat, i.e. g ab const. It reads, in a notation which differs from Stellmacher's,
where (x,y) = is the scalar product of x,y E R' with respect to the flat metric and e E R n is an arbitrary unit vector, i.e. (e, e) = 1. In a second paper [82] he generalized the example to any even dimension n > 6 by introducing a parameter 1:
The Hadamard coefficients Hk to this L can be explicitly calculated [77] : The proof relies on an explicit formula for the world function:
where u R,(x°, y°) are the elements of the matrix
The plane wave metrics admit a physical interpretation as plane gravitational waves. They are characterized by the existence of a vector field 1 = lOO such that
where the brackets [ I indicate antisymmetrization. The group of motions of a general plane wave spacetime is isomorphic to the (2n -3)-dimensional Heisenberg group; it is generated by translations and null rotations [72] . After P. Gunther's paper [321, non-scalar operators L too have been studied with a plane wave background. The following results have been found in [71] for a), b) and in [88] for c) (cf. also [47, 64] Here 0 = a0 2 --... -5_ is the wave operator of the fiat spacetime R'.
Linear differential equations of mathematical physics
Let us consider in this section a (possibly curved) spacetime of dimension n 4. The principle of first quantization associates kinds of elementary particles to field equations. Thus, the linear field equations of mathematical physics can be classified by the rest mass in and by the spin quantum number s of the associated particles. If .s is integer, then the particle is called a boson and the field is a tensor of valence s. Ifs is half-integer, then the particle is called a fermion and the field is a spinor of valence 2s. Notice that in the above scheme the field equations for s = 1 and s = 1 can be subsumed to the equations given for s > 1. R. Illge [50, 51] constructed a Lagrangian and an energy-momentum tensor to these higher spin field equations. Notice that all the above fundamental equations in spacetimes are of hyperbolic type, i.e. they have wave-like character. Elliptic equations emerge from the hyperbolic ones by the assumption of stationarity; parabolic equations emerge as macroscopical models by means of thermodynamics.
It makes sense to ask about Huygens' principle for each of the fundamental equations. The following has been proven in [87, 88, 90, 91, 93] . Spinors are needed for the description of fermionic fields, but they are also used as technical tools: the tensorial conditions for Huygens' principle automatically decompose into their irreducible parts if they are translated into spinorial form [88, 89, 92, 94, 98, 99].
Theorem 6. The spinor field equations of Buchdahl and Winsch

Relations to conformal differential geometry
Let T be a geometric object which is generally defined on any Riemannian manifold (M, g A polynomial concomitant T is said to have the conformal weight w = const if for every p = const
It is said to have the conformal order k if T[e 2°g] depends for every function W E C(M) only on p and its derivatives up to the k-th order, but not on derivatives of a higher order. Further, T is a (relative) conformal invariant of weight w = const, if for every function w E C°°(M) T[e2'g] = e2"T[g]
(Clearly, such a T has conformal order 0.) For example, the Weyl conformal tensor for g in n > 4 and the Bach tensor (for ti = 4 only) are conformal invariants of weight -1. The Schouten tensor L = LabdX 2 dX to g, which is defined by 
La& La 6 + VaV6co -(Vaca)(V&c) + 9ab(Vc0)(VcO).
Let T be a polynomial concomitant of conformal weight w. Then the infinitesimal conformal transform of T is defined as the limit
X,T = lim (T[e2 "g] -e2T[g]).
P. Gunther and V. Wünsch [38, 39] Ckj= (1) He constructed in both cases a sequence { Ik}k>o of trace-free symmetric k-forms with the following two properties:
• Each 'k is a conformal invariant of weight -in.
• If the field equation under consideration satisfies Huygens' principle, then ' k = 0 for k > 0.
We omit the concrete expressions for the 'k because of their complexity (cf. [60, 100] ). The moment equations ' k = 0 are determined explicitly at present for 0 k 4. Using some results on the theory of conformally invariant tensors one obtains information about the algebraic structure of the moments for 0 k 6 (s. [99] ). 6. Relations to the Korteweg-de Vries equation J. E. Lagnese [56] considerably generalized Steilmacher's examples of non-trivial Huygens-type equations. He introduced, in order to formulate his result, a sequence of polynomials Pk = Pk( i ) (k > 1) of one real variable I through the recursive differential equation
together with the initial condition Pi = 1.
It is a highly non-trivial fact that this recursion is solved by polynomials. From
it is clear that Pk depends on k -i integration constants a 1 , a2 ,... ,ak_I: Pk = Pk (t) = Pk(t;al,a2,... ,ak_)
One constant, say a 1 , is merely a translation of I; that means I and a 1 appear in the combination I + a 1 . We set a 1 = 0 and present the first polynomials:
P4=t6+5a2i3+a3i-5a
Generally, Pk is a monic polynomial of degree (), that means Pk = t(' 2 ) + lower terms.
The sequence of the Pk has been discovered three times, at least. First, by J. L. Burchnall and T. W. Chaundy [17] in 1929, second, by Lagnese [56] in 1969, and third by M. Adler and J. Moser [1] in 1978. The last mentioned paper unveiled a relation to the Korteweg-de Vries equation: the functions
are the rational solutions of the Kordeweg-de Vries equation which vanish at infinity. Moreover, these u = u(x) are finite-gap potentials in the one-dimensional time-free Schrödinger equation
Lyy +u(x)y=Ay.
The name of these special potentials refers to the fact that the components of the spectrum of L are separated by finitely many intervals, called gaps. J. E. Lagnese [56] proved the following. Branson and G. Olafsson [14] , and P. Gunther [35] proved the following:
The modified wave equation above satisfies Huygens' principle in the following cases of odd-dimensional symmetric spaces. General criterions for the Huygens' principle behaviour of Maxwell's equations in pseudo-Riemannian manifolds (M, g) of signature (+ -. -) and dimension nare found in [31] ; weightily (e.g. for corollaries in spaces of constant curvature) there is the following assertion:
In (M, g) On the strength of their origin as geometric invariants or as solution type for certain differential equations (of mathematical physics) the geodesic forms or also the spherical mean values disclosed new insights into many other, mathematical facts and therefore their study is interesting in its own right.
A review of other problems
This survey is not intended to be complete. Let us mention here subjects which we have not treated, namely certain extensions of Huygens' principle to other classes of hyperbolic equations, some conceptual generalizations of Huygens' principle, and some open problems.
We have considered two classes of differential operators only: Laplace-like secondorder operators and first-order operators the iteration of which is Laplace-like. The very definition of Huygens' principle can also be applied to the following classes.
Systems of mixed first and second orders; for instance (dö+Sd)u=0, öu=0 where u is an alternating p-form.
• Singular Cauchy problems, like the Euler-Poisson-Darboux equation • Linear gauge field equations of hyperbolic type; for instance Maxwell's equations in the form du=0, öu=j, the linearized Yang-Mills equation, and the linearized Einstein equations [95, 97] .
• Semiliriear hyperbolic equations; the simplest type reads 0 u + F(u) =0.
There are well-developed theories for some mixed systems, for the Euler-Poisson-Darboux equation, and for the first-order Maxwell system. There are further preliminary results for the linearizations of the Yang-Mills and Einstein equations [95] . As a curiosity, we mention speculations on Huygens' principle for the fully nonlinear Einstein equations [70, 83] .
Huygens' principle admits conceptual generalizations in different directions; there exists results on each of the following items.
• Replacement of the exact validity of Huygens' principle by an approximate validity. The standard perturbation technique defines orders of approximation. The first and second orders are the most interesting ones [30, 35, 841. • Replacement of the local Huygens' principle (treated here) by a global -in space and in time -Huygens' principle. This global problem is akin to scattering theory.
• Replacement of the Cauchy problem by a characteristic initial value problem, where the data are prescribed on a future characteristic conoid (conoid problem) or on two interesting null hypersurfaces (Goursat problem).
• Study of higher-order hyperbolic equations the principal part of which is not defined by a Lorentzian metric. The characteristic conoid is then replaced by a system of cones which are defined by means of polynomial equations. Domains between such cones which do not contribute to the solutions of Cauchy problems are called lacunas. This concept naturally generalizes Huygens' principle.
• A natural generalization of Huygens' principle to Laplace-like equations of any mathematical type -elliptic, hyperbolic, ultrahyperbolic, or complex-holomorphic -is the property that, for even dimension, there exists a logarithm-free elementary solution in Hadamard's sense. Note that for the elliptic type the elementary solution generalizes the Newtonian potential (which belongs to the scalar Laplacian)..
Let us finally try to formulate open problems of topical interest:
• Proof of the conjecture that for the dimension n = 4 every Huygens-type linear hyperbolic equation belongs either to a conformal.ly fiat metric or to a conformal image of a plane-wave metric (cf. [18 -20, 59 -63, 96 -99] ).
• Construction of Huygens-type modified wave equations on symmetric spaces for non-scalar fields, e.g. alternating differential forms.
• Estimation of effects due to the violation of Huygens' principle in our actual universe; derivation of approximative formulas which can be given to the hands of astrophysicsts.
• Development of a theory of Huygens' principle for semilinear hyperbolic equations.
